
A P P R O X I M A T E  S O L U T I O N  T O  T H E  P R O B L E M  O F  

H E A T I N G  B U L K Y  B O D I E S  A T  A V A R I A B L E  W A T E R  

E Q U I V A L E N T  O F  T H E  G A S E S  

M. K.  K l e i n e r  UDC 536.24 

An approximate  solution is  obtained to the problem of heat  conduction during the heating of 
bulky bodies in a flow bed with a l inear ly  var iable  water  equivalent of the gases .  

For  a l inear ly  var iable  water  equivalent of the gases 

wG= ao + alz 

without hea t  s o u r c e s  in the  gaseous  phase ,  the  p r o b l e m  is  f o rmu la t ed  as  fot lows [1]: 

2,, + 1 ot(~,, z) + at (o, z )  = o,t (o, z )  ~_ . . . .  
a z  ap ~ o op 

or( t ,  Z) + Bi[t-tZi--t(l,~, , Z)l O, at(o, z )  _ O, 
ap , a9 

( m,l + 13Z) d/G(Z}= 13 [ /o /G(Z)]_Bi  [t~Z)-- t(1, Z ) I -  Bid/G(Z)--i a ], 
2v+2 } dZ ~" 

((~), o) = to(o), tG,(o) = tS, 

(1) 

(2) 

(3) 

(4) 

a~ aR Z =.a.z a0 , 13 = trqBi, m,= - -~  Bi = 
oR s mol, - Gc ' 

The upper sign applies to para l le l  flow, the lower  sign applies to counterflow, and the z-axis  is  posi t ive 
in the d i rec t ion  of the gas flow. 

A solution to such a problem was obtained in [1] in the form of a s e r i e s  by the method of the integral  
heat balance [2]. The convergence of this se r i e s  in [1] has been proved for the case  m01 = 0. According 
to numer ica l  calculations,  with m01 > 0 the se r i e s  in [1] e i ther  converges slowly o r  diverges  a l together .  
For  this reason ,  the problem (1)-(4) will be solved h e r e  by a somewhat different  method. 

Following the p rocedure  based on the integral  heat balance,  we multiply each t e r m  in (1) by (2 v 
+ 2) p2 u + 1 and then integrate  over  the ent i re  body thickness .  A simultaneous solution of the resul t ing 
equation and the boundary condition (2) yields  

_+ dt~,,(z) . . . .  (2,~ + 2) Si [ tdZ)= r (5) 
dZ 

I 

�9 t ,  = t O ,  z ) ,  r  = (2,~ + 2) S ~"+' t(o, z ) , ~ .  
0 

in place of (1) and (2). 

(Sa) 
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T A B L E  1. Effect  of  Exponent  n on the  Value of  r 

Plate Cylinder Sphere - -  
n 

Bi 

1,5 I 2,0 2,5 1,5 2,0 2,5 1,5 2,0 2,5 

0,5 
0,75 
1,0 
1,5 
2,5 
3,0 

I 
0,834 0,86 0,875 [ 0,875 
0,77 10,80 ,0 8251 0,825 
0,715 0,75 0,778[ 0,778 
0,625[0,667 0,70 I 0,70 
0,50 0,545 0,585 0,585 
0,455 0,50 0,538 0,538 

0,89 
0,834 
0,80 
0,728 
0,615 
0,571 

0,90 
0,858 
0,820 
0,75 
0,643 
0,60 

0,90 
0,858 
0,820 
0,75 
0,643 
0,50 

0,91 
0,87 
0,835 
0,77 
0,667 
0,625 

0,918 
0,88 
0,846 
0,785 
0,688 
0,648 

We now e x p r e s s  t s in  t e r m s  of  t in,  with the t e m p e r a t u r e  d i s t r ibu t ion  app rox ima ted  by an n - t h  d e g r e e  
p a r a b o l a :  

t = t s --Atm(l --pn), hl m = t s_ t c "  (6) 

F r o m  (6) and (5a) we have  

. I n s e r t i n g  (6) into (2), we obtain  

F r o m  (7) and (8) we d e t e r m i n e  t s :  

which y ie lds  

tm= ts nat., (7) 
2v + 2  + n  

nAt., . -  Bi (t G -  ts). (8) 

ts = Bit6+ (2v + 2-~-- n)t  m (9) 
2v + 2 -I- n --t- Bi  ' 

tG--ts-- 2v + 2 +_n (/G_tm). (10) 
2 v - / 2 + n + B i  

F r o m  (10) we then  obtain the  c r i t e r i a l  n u m b e r  which defines the  u n i f o r m i t y  of the t e m p e r a t u r e  f ield 
r ( acco rd ing  to G. M. K o n d r a t ' e v ' s  t he s i s  [3]): 

_/G.-- t s_ == 2 v + 2 + n  
= tG- - t  m 2v- l -2+n+Bi  " (11) 

With (5) and (11) we r e p l a c e  (1)-(3) by 

Z dt--m = (2v + 2) Bi ~ (t G -  Ira), . (12) 
dZ 

( m~ ~ , Z )  dtG 2v + 2 ~ -  = fI (t~ t o - -  Bi ~0 (t G -  tin) - -  Biz(t G -  l a ). (13) 

To Eqs .  (12) and (13) m u s t  be added the  ini t ia l  condi t ions  at Z = 0 with (4) taken  into cons ide ra t i on :  

. dtm I (2v ~- 2) Bi '~ l~n). tm(0) = tm' ~ ~ ] z = o - -  ' •(tG-- (14) 

In this way,  we have  obta ined  a s y s t e m  of o r d i n a r y  d i f fe ren t ia l  equat ions  which is analogous  to the 
s y s t e m  obta ined e a r l i e r  in [4] f o r  the  hea t ing  of  thin bodies  unde r  the  s a m e  condi t ions .  

The idea  of  a p p r o x i m a t e l y  d e s c r i b i n g  the  hea t ing  of bulky bodies  in t e r m s  of  known re l a t ions  for  the  
hea t ing  of  thin bodies  was  f i r s t  p r o p o s e d  by V. I. Ki taev  [5], who in t roduced  the concept  of  the g r o s s  hea t  
t r a n s f e r  coef f ic ien t  

% = c,,I:, ~ = qal(qo -7 Bi), 

v, dth f ac to r  q0 depending on the  body shape .  He d e t e r m i n e d  the  va lue  of  r by c o m p a r i n g  the lengths  of  t ime  
n e c e s s a r y  to  hea t  thin and bulky bodies  in a p a r a l l e l - f i o w  and in a coun te r f low s y s t e m ,  with the  wa te r  equiv-  
a lents  of the g a s e s  and of the  hea ted  m a t e r i a l s  r e m a i n i n g  in a cons tan t  r a t i o .  

This me thod  was  developed f u r t h e r  in [6-8].  The va lue  of ~ was obtained in [6] with the  t e m p e r a t u r e  
d i s t r ibu t ion  in the body a s s u m e d  pa rabo l i c ,  and in [7] on the  bas i s  of  known t e m p e r a t u r e  d i s t r ibu t ion  
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o,t 1 *~176 

7Y ~- ~=.0 
0 g r Z 

Fig. 1. Ca lcu la t ion  of a p la te  hea t ing  in a 
coun te r f low s y s t e m ,  /3 = 0.25, Bi = 1, Bi~ 
= 0.02, n = 2: t e m p e r a t u r e  of  the  g a s e s  (1), 
t e m p e r a t u r e  of the  s u r f a c e  (2), m e a n - o v e r -  
t h e - m a s s  t e m p e r a t u r e  (3), m e a n - a l o n g - t h e -  
ax i s  t e m p e r a t u r e  (4), qR/~. (5), s u g g e s t e d  
a d j u s t m e n t  of the  r e s p e c t i v e  va lues  fo r  the  
in i t ia l  hea t ing  p e r i o d  Z < 0.3; so l id  l ines  
r e p r e s e n t  the  f o r m u l a s  in [1], b lack  dots  
r e p r e s e n t  f o r m u l a s  (15)-(16), b lank dots  
r e p r e s e n t  f o r m u l a s  (20)- {21). 

tG(Z) - tG-=, s ~4 C~ [1F~ (1 -i" b~; 1 + b 1 - :  b~ ~ b~u) - 
t i n -  is, c 

funct ions  in the  r e g u l a r  m o d e .  In [8] the  ~ - n u m b e r  was  
t r e a t e d  a c c o r d i n g  to  G. M. K o n d r a t ' e v  [3] and was  de -  
t e r m i n e d  e i t he r  on the  b a s i s  of  so lu t ions  to the  equa t ion  
of hea t  conduct ion o r  a p p r o x i m a t e l y  on the  b a s i s  of 
p h y s i c a l  c o n s i d e r a t i o n s .  

No va lues  of  n fo r  our  p r o b l e m  a r e  ava i l ab l e  in 
the  l i t e r a t u r e ,  but one m a y  u s e  the  da ta  in [9], w h e r e  
the  va lues  of n a r e  g iven  fo r  the  hea t ing  of bodies  at a 
cons tan t  w a t e r  equ iva len t  of the  g a s e s .  It  has  been  e s -  
t ab l i shed  in [10, 11] tha t  such  va lues  of n s a t i s fy  not 
only the  equal i ty  of t e m p e r a t u r e  g r a d i e n t s  in the  exac t  
and in the  a p p r o x i m a t e  solut ion,  but  a l so  d e s c r i b e  wel l  
the  t e m p e r a t u r e  d i s t r i bu t ion  a c r o s s  a body s ec t i on  in 
the  c a s e s  which h a v e  been  ana lyzed .  

It i s  to be  noted  tha t  at  m e d i u m  va lues  of  the  Blot  
n u m b e r  the  n u m b e r  i s  not too s e n s i t i v e  to e r r o r s  in 
the  exponent  n, e s p e c i a l l y  in the  c a s e  of a cy l i nde r  and 
a s p h e r e  (Table  1). 

A s s u m i n g  tha t  r = cons t ,  within a p a r t i c u l a r  t i m e  
i n t e r v a l  and t ak ing  into account  (14), we obtain  the  s o -  
lu t ion  to  s y s t e m  (12)-(13) in the  fol lowing f o r m :  

t m (Z)- - tG,c  _ C~iF~( 1 ~_ b,.,; ] 'F bi -!- b~; --: bxu) 
t ~ - - t O ,  c 

+ C z [ 1 _-(2v -+- 2) [~Z ]q-(~ _ _ 1  ~Fl ( l~b~;  1--bl--b~;  T-b~u), 
mot 

1 -~- b i -~ b~ 

x f x ( 2  A- b,,;o 2--~ b~-~ bz; :g b~u)] --  C~ f .  1 -k (2v -F 2) [}Z] -(~ j 

x [ (  l ~bL~b-~'2 )~Fa(1--Oa; 1- -b , - -b2;  -b tu)  1--b~ 
blu , 1 ~ bt --  b2 

~F~(2--b,; 2--b~--b2; -Thou)I ,  (15) 

c? 

Bi Bit [~/~'-i- Biita 
p , p + B i t  ' 

u (2v +. 2 ) (  m~ -F,Z) , C~ =~ -c-C~ (i = 1, 2), 

b-~a b,; 2--bt- -b=; :F btuo) - - (  ~ -~ b,-b b, ) tF, (l _ba; l _ b t _ b ~ ;  ~ b, uo), 
1 -:-- 1 - -  b~ 1Fi (2 - -  k t m - -  tG, c biuo 

= t h - - ~ / t ( 1  +b=: 1 +b1-+.b~; :V-btuo)-- 1 + b ,  
ira-- IG, c 1 + b 1 + b~ 

X tFi (2 + bz; 2 -~ b i + b2; :]: biuo), uo = ulz==o = met, 

I 1 - -  b t (2 - -  bl; 2 - -  b 1 - -  b~; C = ~Ft(1 +b~; t -~bt-Yb~; ~: bzu~) 1 --b~--b2 tF1 

T- b,uo) • bt + b 2 iFi( 1 __ bi; 1 - --bt--  b~; ::g blUe)] 
blue 

1 + b~ iF1 (2 + b~; 2 -~- bl 4" b.; -~ btuo)- 
- -  tFt(l--bl;  l--bl--b~; Tbiu~) 1 + b i + b~ " " 

(t6) 

(17) 
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When m01 = 0, (15) and (16) simplify considerably:  

t_m (Z) 7- tG0 c _-= zF 1 (1 + b2; 1 -!- bz ,-  b2; T u0, ux == (2v + 2) Bi~Z, (18) 
tm-- tO,  o 

to(Z)_7 --~ ~ = tm.(Z) -- to. c 1 + b 2 be iFx(2 + bz; 2 + b~=-' b2,' :T ul). (19) 
tm - -  tG. e tm - -  tG, e 1 + b~ -+- 

A compar ison  of (15) and (16) with the tes t  data in [12] shows that,  when m01 > 1, the considerat ion of 
heat losses  in the working chamber  (Bi > 0) complicates  the design formulas  appreciably.  

An analysis  will also show that the heat losses  affect the maximum calculated t empera tu re  of the 
gases  tG, c (with Bi 1 -~ 0, tG, c -~ t~) as well as the function descr ibing the dynamics of body heating (right-  
hand sides of (15) and (16)). 

The express ions  for tG, c include the sum (fl + Bi0 and, the re fo re ,  at small  values of fl in many 
prac t ica l  si tuations Bil has an appreciable  effect on tG,e and tm(Z).  On the r ight-hand sides of (15) and 
(16) t he re  appears  the sum (Bi~b + Bi0/fl  = (bt + b2) where  Bit can vary  often be d i s regarded  in compar i son  
with Bir (or unity). 

Then consider ing that b 2 = 0 on the r ight-hand sides of (15) and (16), we have 

t m ( Z ) - - t G ' c  = (I _+. rnot0~) ~Fx (i ;  I -4- b~; -T- blu) + [I - - ( I  4- mot0 ~) 
tm--/G,c 

• 1Fx (1; 1 + bl; -T- him00 ( ~ u  1-b' exp t-T-, (2v+ 2)Bi•Z], (20) 
\ moz/ 

tG(Z)-'-/G'e = l / +  (1 • mol0~)[1--iF1(1; 1 + hi; ? blu)] ~ [1 
trn--tG, c ~. u [ -  

- - (1  "]-- /T/Ol0~ 1F1 (1; 1 + bl; -T- bimoz)] (-~u ~-bex p [-T- (2v -i- 2)Bi  *Z] / , 
/ 

(21) 
\ moz/ J 

to, 
A -  to, c 

If, in addition, mot = 0, then 

trn(~)-- tG'C=lFl(1;  l+b~;  ~U~), (22) 
t~n-- to, c 

6 (Z ) - - tg ,  c bl ,FI(1; 2 + b l ;  ~ul) .  (23) 
t ,~-- to,  c l+bl  

Values of tFt(a,  b, x) a re  given in [1, 12].* 

If tG(Z) and tin(Z) a re  known, then ts(Z) is de termined  f rom (9), while t(0, Z) = tc(Z) and At m a re  
calculated by the formulas  

tc = tm 2v - 2  (t s __ tin), ht~ -- Bi ~ (t~-- trn). (24) 
rt n 

As is well known [13], function iFl(a, b, x) converges for  every  Ixl < ~o and b ~- 0, --1, --2, . . .  
The re fo re ,  Eqs. (15) and (16) r ep r e sen t  the sought solutions when (b 1 + b 2) 7" 1, 2, 3 . . . .  Express ions  
(18)-(23), on the other  hand, a re  valid for  all values of the p a r a m e t e r s .  

The graph in Fig. 1, which has been copies f rom [1], shows also resu l t s  of calculations based on 
(15)-(16) and (20)-(21) with (9) mad (24) taken into account. The initial conditions for  calculations accord-  
ing to the formulas  der ived  h e r e  have also been taken f rom [1] for  Z = 1 (in o rde r  to sat isfy the condition 
mot > 0 when the s e r i e s  in [1] is divergent) .  Calculations have shown that all t e m p e r a t u r e  values based on 
the method in [1] agree  with those based on (15) and (16) within 2-5~ formulas  (20)-(21) yield often an 
insignificant e r r o r  and a re  ent i re ly  suitable for  engineering applications (Fig. 1). 

We note that the e r r o r  of these  approximate  solutions is due mainly to the inaccuracy  of n, and dur -  
ing the i r r e g u l a r  heating per iod also due to the im p rec i s e  maintenance of the initial  t em p e ra tu r e  d is t r ibu-  
tion. 

*Other sources wheretFi(a , b, x) can be found are listed in [13]. 
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An analysis has shown [14] that under actual conditions with n = 2, fl = 0, m01= 0.5-1.667, and Bi 
- 10 the e r r o r  in determining t m does not exceed 5%. A m o r e  refined definition of the value of n would 
undoubtedly improve the accuracy  of calculations.  

A. S. Kadinova [15] compared the values of ~ for plates on the basis of test  data in the regular  
mode  [3] with the data obtained by B. I. Kitacv [5] for n ~: 2, and found that both methods yield a lmost  the 
same resul ts  up to Bi = 11. 

:[~ese solutions have been obtained on the assumption that ~ -- const.  In the general  case,  however,  
may be a function of WG(Z) (more prec ise ly ,  a function of the Reynolds number) as well as of the ambient 

and the body tempera ture .  

Taking the relat ion ~ (z) into account does not affect the l ineari ty of the system,  but it complicates 
considerably the coefficients in the second-o rde r  differential equation with respec t  to t m (or t G) obtained 
f rom (12)-(13), namely the dependence of these coefficients on Z. Taking into account the t empera tu re  
(t G and ts)-dependence,  on the other hand, renders  the sys tem of equations nonlinear.  In both cases it 
becomes more  difficult to solve Eqs. (12)-(13). 

At the same t ime,  the assumption of a constant heat t r ans fe r  coefficient is not the major  drawback in 
applying the solutions a l so to the  case  of a var iable  heat t r a n s f e r  coefficient, if the calculations a re  made 
piecewise only -- with the average  of the ext reme ~ values used in each interval .  

If the variat ion of ~ with t empera tu re  is negligible, then it becomes easy to determine ~ at the be-  
ginning and at the end of a computation interval f rom known values of w G. If ~ depends on tG and t s, how- 
ever,  then the method of success ive  approximations must  be applied here  as follows. With known values 
of wG, tG, and t s one determines  ~ at the beginning of a computation interval .  In order  to determine the 
end values of ~(~e),  one f i rs t  assumes values for tG and t s, then calculates ~e,  and finds the average 
value of ~ ~ ) ,  whereupon the end values to t G and t s a re  found according to the formulas  derived here .  If 
these values do not coincide with those assumed ear l ier ,  one assumes new values for t G and t s and repeats  
the p rocess  until an agreement  within the p resc r ibed  accuracy  is obtained. 

A pract ica l  application of this method to calculations according to our formulas as well as according 
to [1, 4, 12] has shown that, as a rule,  one or  two success ive  approximations suffice. 

According to calculations pertaining to radiative heating of bodies at a constant or  at a variable am-  
bient t empera tu re  [16-19], the solution to the l inearized problem with a s t rong tempera ture-dependence  
of the heat t r ans fe r  coefficient wilt yield resul ts  almost  identical to those of an exact solution, if the entire 
heating range is broken down into three  or  more  intervals  and computations within each of them follow the 
descr ibed  procedure .  

t 
tG 
r 
Z 

p = r / R  ; 
Bi 1 = KRH/kf  ; 
v = (2u + 2)G/TfR ; 
R 
K 
f 
G 
c 
c~ 
a 

k 

T 
P 

ta  

N O T A T I O N  

is the instantaneous t empera tu re  of the body; 
is the instantaneous t empera tu re  of the gases;  
is the radial  coordinate of a point in the body; 
is the distance from the beginning of the heat t r ans fe r  zone (entrance in the case  of 
paral le l  flow, exit in the case  of counterfiow) along the gas s t ream;  

a re  the radius of cylinder or sphere,  or half the plate thickness;  
is the coefficient of heat losses  in the operating volume; 

~tle 
the 
the 

is 

is 

is 

is the 

is the 

is the 

is the 

is the 
plate, 
is the 

heating sur face  of bodies distr ibuted over  a unit furnace length; 
furnace efficiency; 
specific heat of heated bodies; 
heat t r ans fe r  coefficient; 
thermal  diffusivity; 
thermal  conductivity; 
specific weight of heated bodies; 
form factor,  according to [7], equal to --0.5, 0, and 0.5 respect ively  for a 
a cylinder,  and a sphere;  
ambient tempera ture ;  
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t s, tc 
iF(a ,  b, x) 
T1 

q 

is the temperature  of combustion products entering the furnace through side burners; 
a re  the surface temperature  and center temperature of heated bodies; 
is the degenerated hypergeometric function [13]; 
is the equivalent per imeter  of furnace cross section; 
is the thermal flux. 
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